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value: 250€

weight: 3kg value: 40€
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Knapsack problem

Given:

set of items S = {s1,...,5,}

value function v:S§ — Z,

weight function w : § — Z,

knapsack capacity W € Z
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Knapsack problem

Given:
o set of items S = {s1,...,5,}
e value function v: S — Z,
e weight function w: S — Z
e knapsack capacity W € Z

=\

Task: Find a feasible subset S* C S sit. w(S*) < W and v(S*)
maximal.
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Knapsack problem

Given:

set of items S = {s1,...,5,}

value function v:S§ — Z,

weight function w : § — Z,

knapsack capacity W € Z

7\

Task: Find a feasible subset S* C S sit. w(S*) < W and v(S*)
maximal.

Facts:
o N'P-hard
e pseudo-polynomial time algorithm
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Knapsack problem with qualitative benefits

(

importance: low

u Weight: ].kg
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Knapsack problem with qualitative benefits
4kg

[

importance: high

weight: 3kg importance: low

weight: lkg
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importance: medium
weight: 2kg

importance: medium
weight: 2kg

Schafer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09



- 2
TECHNISCHE UNIVERSITAT
= KAISERSLAUTERN

Optimization

OPT | R croun
Introduction

[e]ele] ]

Related literature

Knapsack problem

e Kellerer, H., Pferschy, U.,, Pisinger, D. (2004). Knapsack Problems. Springer, Berlin, Germany.

e Morabito, R., & Garcia, V. (1998). The cutting stock problem in a hardboard industry: A case study. Computers & Operations
Research, 25(6), 469-485.

e Naldi, M., Nicosia, G., Pacifici, A., Pferschy, U., & Leder, B. (2016, November). A simulation study of fairness-profit trade-off
in project selection based on HHI and knapsack models. In 2016 European Modelling Symposium (EMS) (pp. 85-90). IEEE.

e Choi, S., Park, S., & Kim, H. M. (2011). The Application of the 0-1 Knapsack problem to the load-shedding problem in
microgrid operation. In Control and automation, and energy system engineering (pp. 227-234). Springer, Berlin, Heidelberg.

Schafer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09 5



OPT | 06 Coun ) I ' TECHNISCHE UNIVERSITAT
Introduction = KAISERSLAUTERN
oooe

Related literature

Knapsack extensions

Schifer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09 5



- 2
TECHNISCHE UNIVERSITAT
= KAISERSLAUTERN

Optimization

OPT | R croun
Introduction

[e]ele] ]

Related literature

Knapsack extensions

e Fuzzy approaches

e Kasperski, A., & Kulej, M. (2007). The 0-1 knapsack problem with fuzzy data. Fuzzy Optimization and Decision
Making, 6(2), 163-172.

e Lin, F. T., & Yao, J. S. (2001). Using fuzzy numbers in knapsack problems. European Journal of Operational
Research, 135(1), 158-176.

o ...

Schafer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09 5



- "
TECHNISCHE UNIVERSITAT
= KAISERSLAUTERN

Optimization

OPT | R croun
Introduction

[e]ele] ]

Related literature

Knapsack extensions

e Fuzzy approaches

e Kasperski, A., & Kulej, M. (2007). The 0-1 knapsack problem with fuzzy data. Fuzzy Optimization and Decision
Making, 6(2), 163-172.

e Lin, F. T., & Yao, J. S. (2001). Using fuzzy numbers in knapsack problems. European Journal of Operational
Research, 135(1), 158-176.

o ...

e Multiobjective approaches and applications

Bazgan, C., Hugot, H., & Vanderpooten, D. (2009). Solving efficiently the 0—1 multi-objective knapsack problem.
Computers & Operations Research, 36(1), 260-279.

Saen, R. F. (2006). A decision model for technology selection in the existence of both cardinal and ordinal data.
Applied Mathematics and computation, 181(2), 1600-1608.

Keeney, R. L., & McDaniels, T. L. (1999). Identifying and structuring values to guide integrated resource planning at
BC Gas. Operations Research, 47(5), 651-662.

Schafer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09



OPT | Qpimization _—
Researeh Oroup
Problem /
©0000

= TECHNISCHE UNIVERSITAT
= KAISERSLAUTERN

oN

Setup

Given:

o set of items S = {s1,...,5,}
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Setup

Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
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Setup

Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
e k is a fixed parameter
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Setup

Given:

set of items S = {s1,...,5,}

set of qualitative levels £ = {¢q,..., ¢} with ¢; < £i1q

k is a fixed parameter
rank function r : S — L

| @€ =
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Setup

Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
e k is a fixed parameter
e rank function r: S — L
medium high low medium
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Setup

Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
e k is a fixed parameter
e rank function r: S — L
e weight function w : § — Z
medium high low medium
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Setup

Given:

o set of items S = {s1,...,5,}

set of qualitative levels £ = {¢q,..., ¢} with ¢; < £i1q
k is a fixed parameter

rank function r : S — L

weight function w : § — Z

medium low medium

2kg

2kg
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Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
e k is a fixed parameter
e rank function r: S — L
e weight function w : § — Z
e capacity W € Z,
medium low medium
2kg
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Setup

Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
e k is a fixed parameter
e rank function r: S — L
e weight function w : § — Z
e capacity W € Z,

Task: Find a feasible subset S* C S s.t. w(5*) < W and r(5*) “maxi-
mal”.
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Setup

Given:
o set of items S = {s1,...,5,}
e set of qualitative levels £ = {¢1,..., ¢} with ¢; < £;14
e k is a fixed parameter
e rank function r: S — L
e weight function w : § — Z
e capacity W € Z,

<77
Task: Find a feasible subset S* C S s.t. w(S*) < W and r(S*) "maxi-
mal”.
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Definitions |

I Numerical representation I

e v: L — Q4 numerical representation w.r.t. r: S — L if

r(s1) = r(s2) < v(r(s1)) > v(r(s)), for all 51,5, € S and
r(s1) ~ r(s2) < v(r(s1)) = v(r(s2)), for all s1,5 €S

e V,: set of all numerical representations w.r.t. r
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I Numerical representation I

e v: L — Q4 numerical representation w.r.t. r: S — L if

r(s1) = r(s2) < v(r(s1)) > v(r(s)), for all 51,5, € S and
r(s1) ~ r(s2) < v(r(s1)) = v(r(s)), forall 51,5 € S

e V,: set of all numerical representations w.r.t. r

medium low
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Definitions |

I Numerical representation I

e v: L — Q4 numerical representation w.r.t. r: S — L if

r(s1) = r(s2) < v(r(s1)) > v(r(s)), for all 51,5, € S and
r(s1) ~ r(s2) < v(r(s1)) = v(r(s)), forall 51,5 € S

e V,: set of all numerical representations w.r.t. r

medium low

v(high) > v(medium) > v(low)
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I Rank cardinality function I

o g :2%5 = Z, with
gi(S)={seS|r(s)=4¢} fori=1,...,k

e rank cardinality vector: g(S) = (g1(S),...,gk(S))"
e value of SC S: v(S) =4, -g(S), ¢y, = (v(f1),...,v(l))
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I Rank cardinality function I

o g :2%5 = Z, with
gi(S)=|{seS|r(s)=1¢}| fori=1,.
(g

e rank cardinality vector: g(S) = (g1(S
e value of SC S: v(S) =4, - g(S), ¢, = (v(4),.

), 86(S)T
- v(€k))

, k

[ © -
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Definitions |

I Rank cardinality function I

o g :2%5 = Z, with
gi(S)={seS|r(s)=4¢} fori=1,...,k
(&

e rank cardinality vector: g(S) = (g1(S),...,gk(S))"
e value of SC S: v(S) =4, -g(S), ¢y, = (v(f1),...,v(l))

i 2 & =

medium high medium
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Definitions |

I Rank cardinality function I

o g :2%5 = Z, with
gi(S)={seS|r(s)=4¢} fori=1,...,k
(&

e rank cardinality vector: g(S) = (g1(S),...,gk(S))"
e value of SC S: v(S) =4, -g(S), ¢y, = (v(f1),...,v(l))

i 2 & =

medium high medium

g(S)=(1,2,1)
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Definitions |

I Rank cardinality function I

o g :2%5 = Z, with
gi(S)={seS|r(s)=4¢} fori=1,...,k
(&

e rank cardinality vector: g(S) = (g1(S),...,gk(S))"
e value of SC S: v(S) =4, -g(S), ¢y, = (v(f1),...,v(l))

i 2 & =

medium high low medium
v(medium) = 2 v(high) =3 v(low) =1 v(medium) = 2
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Definitions |

I Rank cardinality function I

o g :2%5 = Z, with
gi(S)={seS|r(s)=4¢} fori=1,...,k
(&

e rank cardinality vector: g(S) = (g1(S),...,gk(S))"
e value of SC S: v(S) =4, -g(S), ¢y, = (v(f1),...,v(l))

i 2 & =

medium high low medium
v(medium) = 2 v(high) =3 v(low) =1 v(medium) = 2

v(S)=1-1+2.2+3.1=8
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Does it make sense?
4kg

[

importance: medium
weight: 2kg

importance: medium
weight: 2kg

importance: high

weight: 3kg importance: low

weight: lkg
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Does it make sense?
4kg

[

vi(medium) = 2
weight: 2kg

vi(medium) = 2
weight: 2kg

weight: 3kg

A

vi(low) =1
weight: lkg
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vo(medium) = 3
weight: 2kg

vo(medium) = 3
weight: 2kg

weight: 3kg
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weight: lkg
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[

vo(medium) = 3
weight: 2kg

vo(medium) = 3
weight: 2kg

Schafer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09

8



OPT | 06 Coun I—= TECHNISCHE UNIVERSITAT
Problem % KAISERSLAUTERN
00000

Efficiency & Dominance

I Efficiency & Dominancel

Schifer, Dietz, Barbati, Greco, Figueira, Ruzika Knapsack problem with qualitative benefits 2020-10-09 9



OPT | orimzston 7 TECHNISCHE UNIVERSITAT
EEARRCI Problem I: KAISERSLAUTERN
00000

Efficiency & Dominance

I Efficiency & Dominancel

o 5 =5 iff v(S51) > v(S,) for all v e V),
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Efficiency & Dominance

I Efficiency & Dominancel

o 5 =5 iff v(S51) > v(S,) for all v e V),

low medium

medium
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Efficiency & Dominance

I Efficiency & Dominancel

o 5 =5 iff v(S51) > v(S,) for all v e V),

=

low medium
v(low) =t v(medium) = u

~ ~

51 52

medium
v(medium) = u
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I Efficiency & Dominancel

o 5 =5 iff v(S51) > v(S,) for all v e V),

We know: v >u >t
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I Efficiency & Dominancel

o 5 =5 iff v(S51) > v(S,) for all v e V),

We know: v > u >t

v(S1)=u+v>t+u=v(Sy)
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I Efficiency & Dominancel

o 5 =5 iff v(S51) > v(S,) for all v e V),
e 51> 5 iff ;= 5, and Av* €V, sit. v¥(51) > vi(S2)
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I Efficiency & Dominancel

o 51 = S iff v(S1) > v(S,) for all v € V,
e 51> 5 iff ;= 5, and Av* €V, sit. v¥(51) > vi(S2)
o S* efficient, if S with S = S*
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I Efficiency & Dominancel

S = S iff v(S1) > v(S,) for all v eV,
S1 = S5 iff g = S and v €V, st v (S1) > vH(S2)
S* efficient, if 3S with S = S*

g(S5*) non-dominated rank cardinality vector
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Efficiency & Dominance

I Efficiency & Dominancel

S = S iff v(S1) > v(S,) for all v eV,
S1 =S iff S§ = S, and Av* € V), s.t. V*(Sl) > V*(Sz)
S* efficient, if 3S with S = S*

g(S5*) non-dominated rank cardinality vector

4

The dominance relation > defined on the set of feasible subsets of S is a
preorder.
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Main result

Sy = S; if and only if Yor gi(S1) > Y1 gi(S) forall j=1,... k
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Main result

4
Sy = S; if and only if Yor gi(S1) > Y1 gi(S) forall j=1,... k

= =

medium high low medium
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